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ABSTRACT 

u t i o n  f o r  a pure  D,rac p a r t i c l e  (g=2) 

i n  a c o n s t a n t ,  homogeneous and a r b i t r a r i l y  s t r o n g  magnetic 

f i e l d ,  Heisenberg and E u l e r  and Weisskopf der ived  an exac t  

express ion  for  t h e  non-l inear  p a r t ,  L1 say ,  of t h e  Lagrangian 

of t he  e lec t romagnet ic  f i e l d .  

When t h e  anomalous magnetic moment of t h e  e l e c t r o n  

(g#2) i s  cons idered ,  by adding a phenomenonological P a u l i  

t e r m  t o  t h e  Di rac  equat ion ,  the exac t  s o l u t i o n s  can  s t i l l  be 

found. Using t h e s e  exac t  s o l u t i o n s  w e  d e r i v e ,  i n  a d d i t i o n  t o  

L1, a new non- l inear  t e r m ,  L2 say, which i s  c o r r e c t  t o  r e l a t i v e  
a 

o r d e r  d . 
'\ 
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An e x a c t  expres s ion  f o r  the c o r r e c t i o n s  t o  t h e  Lagrangian 

of t h e  e l ec t romagne t i c  f i e l d  has been o b t a i n e d  by Heisenberg 

and Euler’) and by Weieekopf*) for fields I ? ( E , g  - satisfying 

t h e  c o n d i t i o n s  

k - 
3nc 

i . e .  

made 

i n  a 

f o r  slowly vary ing  f i e l d s .  I n  t h i s  a n a l y s i s  u s e  was 

of t h e  e x a c t  s o l u t i o n  f o r  a pu re  D i r a c  p a r t i c l e  (g=2) 

c o n s t a n t ,  homogeneous and a r b i t r a r i l y  s t r o n g  magnetic 

f i e l d .  2‘3) The d e r i v a t i o n  i s  also based on  t h e  assumption 

t h a t  t h e  a d d i t i o n w ’  t o  t h e  c l a s s i c a l  energy d e n s i t y  of  t h e  

e l ec t romagne t i c  f i e l d  

due t o  the  e x i s t e n c e  of  t h e  e l e c t r o n - p o s i t r o n  vacuum, i s  

e x a c t l y  equal  t o  t h e  energy d e n s i t y  of the  vacuum e l e c t r o n s  

( i . e .  t h e  e l e c t r o n s  which f i l l  t h e  n e g a t i v e  energy sea 

p o s t u l a t e d  by  Dirac)  minus the p o t e n t i a l  energy of t h e  e l e c t r o n s  

i n  the e x t e r n a l  e lec t romagnet ic  f i e l d .  T h i s  l e d  t o  t h e  - 

conc lus ion  t h a t  t h e  a d d i t i o n  L t o  t h e  c l a s s i c a l  Lagrangian 1 
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i s  equal  t o  t h e  n e g a t i v e  of  t h e  t o t a l  energy d e n s i t y  of t h e  

e l e c t r o n - p o s i t r o n  vacuum, v,, say, i n  the p resence  of an e x t e r n a l  

f i e l d .  Then, s i n c e  L i s  o n l y  a f u n c t i o n  of two independent in- 

v a r i a n t s ,  E -H and (E.H) , i t  i s  s u f f i c i e n t  t o  o b t a i n  t he  

v a l u e  o f  W-for p a r t i c u l a r  f i e l d  c o n f i g u r a t i o n s .  

t h e  magnetic f i e l d  is  taken  t o  be c o n s t a n t  and homogeneous 

a long  the z a x i s  and t h e  e l e c t r o s t a t i c  f i e l d  i s  chosen 

p a r a l l e l  t o  it. I n  t h i s  paper w e  are i n t e r e s t e d  on ly  i n  t h e  ' 

c o r r e c t i o n s  t o  the  Lagrangian of t h e  magnetic f i e l d  and t h u s  

w e  t a k e  E=O. W e  w i l l  r e t u r n  t o  t h e  more g e n e r a l  c a s e  of 

E#O i n  a l a t e r  p u b l i c a t i o n .  

1 
2 2  2 

CLL 

I n  p a r t i c u l a r ,  

.u 

- 
The p o s s i b l e  v a l u e s  of the  energy of  a vacuum e l e c t r o n  

( n e g l e c t i n g  i t s  anomalous magnetic moment) i n  a c o n s t a n t  

magnet ic  f i e l d  H d i r e c t e d  along t h e  z a x i s  a r e  2,3,4) 

and where n = 0,1,2, ... is  t h e  p r i n c i p a l  quantum number, 

s = 21 i s  t h e  s p i n  v a r i a b l e ,  Pz is  t h e  momentum o f  t he  

p a r t i c l e  a long  t h e  z a x i s  and t h e  s u p e r s c r i p t  on E refers 

to t h e  f a c t  t h a t  t h e  anomalous magnetic moment h a s  been 
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2) ignored .  By u s e  of  Equat ion (4) it was found t h a t  

rx) 

where 

f ;  It fo l lows  t h a t  (where Ac = ) 

a L 
I m c  - and 

L, = 34n % A," H*Ab H1+ t l*>>I . ( 8) 
Y 

which r e p r e s e n t  t h e  weak and s t rong  f i e l d  l i m i t s ,  r e s p e c t i v e l y .  

It i s  our  purpose i n  t h i s  communication t o  o b t a i n  t h e  

c o r r e c t i o n s  L 

e l e c t r o n  h a s  an anomalous magnetic moment (AMM) . Now 

t o  Lo+ L1 which r e s u l t  from t h e  f a c t  t h a t  the  
2 

the o r i g i n  of  t h i s  e x t r a  magnetic moment i s  explained by 

t a k i n g  i n t o  account  the f a c t  t h a t  t h e  e l e c t r o n  can e m i t  o r  

absorb v i r t u a l  photons and it can be taken  c a r e  of i n  a 

phenomenological manner by adding t h e  so-ca l led  P a u l i  

anomalous moment i n t e r a c t i o n  term ( 4  F ) t o  t h e  usua l  Dirac 

Hamil tonian.  

equa t ion  may t h u s  be w r i t t e n  

+ 0 +c3 

I n  t h e  case  of a pu re  magnet ic  f i e l d  t h e  Di rac  
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where /L" i s  t h e  anomalous magnetic moment. * D i f f e r e n t  

va lues  f o r  the energy eigenvalues  de r ived  from the equat ion  

I n  view of t h i s  
6 , 7 )  a r e  quoted i n  t h e  l i t e r a t u r e .  

d i screpancy ,  w e  have re-der ived t h e  r e s u l t  (See Appendix A) 

and w e  f i n d ,  i n  agreement with r e f e r e n c e  7 ,  t h a t  t h e  energy 

e igenvalues  of t h e  vacuum e l e c t r o n s  a r e  g iven  by 

P 
where a = - and pels t h e  Bohr Magneton. 

Weisskopf , w e  w r i t e  t h e  energy d e n s i t y  of the vacuum e l e c t r o n s ,  

Now, fo l lowing  
P o  

2) 

'%- s a y ,  as  fo l lows  

6) 
where xk r e f e r s  t o  t h e  energy d e n s i t y  when t h e  AMM i s  

neg lec t ed .  To f a c i l i t a t e  t h e  eva lua t ion  ak, w e  expand wk 
a 

t o  r e l a t i v e  o r d e r  cd. and def ine  

I 
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It t u r n s  o u t ,  a s  w e  s h a l l  see s h o r t l y ,  t h a t  t he  c o n t r i b u t i o n  

from dw, t o  t h e  energy d e n s i t y  i s  d i v e r g e n t  and p r o p o r t i o n a l  

t o  H ; t h i s  t e r m  i s  inc luded  i n  t h e  unperturbed f i e l d  energy 

( r e n o r m a l i z a t i o n  of charge  o r  f i e l d  i n t e n s i t y ) .  

t h e  f i rs t  non- l inear  c o n t r i b u t i o n  f r o m  Equat ion ( 1 2 )  i s  

a l r e a d y  p r o p o r t i o n a l  t o  d which a l lows  u s  t o  res t r ic t  our- 

s e l v e s  t o  t h e  lowest o r d e r  term i n ' a " v i z .  the  Schwinger r e s u l t  

d) 

2 ' 3) 

Consequently,  

2 

A= a T -  . 
Thus, t o  the  o r d e r  required, 

a 
Expanding t h i s  expres s ion  to o rde r  3c w e  g e t  

The f i r s t  t e r m  i n  t h i s  express ion  is t h e  one u s e d  b y  t h e  

a u t h o r s  of r e f e r e n c e  1-2), and w e  will not  be concerned about 

it. 
(.I ) 4 

To c a l c u l a t e  d-a-+we s u b s t i t u t e  t h e  rfi t e r m  from 

Equat ion (15) i n t o  Equation (11). Using t h e  f a c t  t h a t  



it is  e a s i l y  shown t h a t  

Thus it fo l lows  t h a t  

Making u s e  of Equat ion (16) a g a i n  w e  g e t  

where 

Now 

where 



a 

.. 

I t  i s  t h u s  obv ious  t h a t  can be p u t  i n  the f o l l o w i n g  

more t r a n s p a r e n t  f o r m  

t o  which t h e  E u l e r  summation formula ( v a l i d  f o r  any F) may 

be a p p l i e d .  Now t h e  l a t t e r  formula may be w r i t t e n  a s  

i2.t- I ) 
where Bt a r e  t h e  B e r n o u l l i  numbers and F d e n o t e s  t h e  

(2k-1 ) t h  d e r i v a t i v e  w i t h  r e s p e c t  t o  z x h e r e  z = bn. I n  

o u r  p a r t i c u l a r  c a s e  X 2 x  - i s  e q u a l  t o . b n  and hence  

b i s  e q u a l  t o  1 /f . 
HL 

4 
Making u s e  o f  t h e  f a c t  t h a t  

N o w  t h e  i n t e g r a l  i n  Equa t ion  (26)  i s  independen t  o f  H and 

t h u s  when Alp)  i s  s u b s t i t u t e d  i n  Equa t ion  (19 )  t h e  r e s u l t  

f o r  L ! ~ " )  c o n t a i n s  t h i s  i n t e g r a l  m u l t i p l i e d  by a f a c t o r  

p r o p o r t i o n a l  t o  H2 which,  a s  b e f o r e ,  i s  i n c l u d e d  i n  t h e  

u n p e r t u r b e d  f i e l d  e n e r g y  and hence n e g l e c t e d  i n  o u r  subsequen t  
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discussion, Making use of the formula 
. w  

Now making use of the fact that 

substituting Equation (28) in Equation (19). and replacing t by 
J 

n we get 

Making use of the formula 

we finally get 

T n i s  equation for L represents the desired correction to the 
2 

non-linear Lagrangian of the magnetic field which arises from 

the fact that the electron has an anomalous magnetic moment. 
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It i s  now of i n t e r e s t  t o  c o n s i d e r  t h e  weak and s t r o n g  

H f i e l d s  l i m i t s ,  W e  f i n d  ( H # =  5;) 

. 
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APPENDIX A:  CALCULATION OF THE ENERGY EIGEiWALUES O F  A 
RELATIVISTIC ELECTRON WITH AN ANOMALOUS MAGNETIC 
MOMENT I N  A CONSTANT MAGNETIC FIELD OF A R B I T a R Y  
STRENGTH 

A s  d i scussed  i n  t h e  main tex t  w e  u se  t h e  u s u a l  D i r a c  

e q u a t i o n ,  w i t h  t h e  a d d i t i o n  of t h e  P a u l i  anomalous moment 

i n t e r a c t i o n  t e r m  (see Equat ion ( 9 ) ) ,  which w e  r e p e a t  f o r  

convenience 

b t  - 1 -4. 

It i s  a l s o  convenient  t o  se t  -k = c = 1 fo r  t h e  purpose of 

t h i s  d e r i v a t i o n .  

f o r  t h e  y matrices 

W e  now choose t h e  fo l lowing  r e p r e s e n t a t i o n  

I 

r. b e i n g  t h e  u s u a l  P a u l i  m a t r i c e s ,  and w e  s e t  
d 

The magnet ic  f i e l d  i s  considered t o  be d i r e c t e d  a long  t h e  

z a x i s  and it is  convenient  t o  u s e  a c y l i n d r i c a l  c o o r d i n a t e  

s y s t e m  . S i m i l a r  t o  t h e  procedure used by  Johnson and 7) 



.. 
12 

5) Lippmann i n  t h e  c a s e  /””= 0 , w e  w r i t e  the s o l u t i o n  

t o  Equation ( A l )  i n  t h e  form 

J,= 

and w e  s e t  

‘yc 
I 

- I 

Y,,3 = d G  ( A 4 1  

where 

and s , , 1 , 3 ,  4 IT )  a r e  t h e  func t ions  of r which a r e  t o  be determined.  

Using t h e  f a c t  t h a t  

pz i s  the mornentum of t h e  e l e c t r o n  i n  the z - d i r e c t i o n  

and 

i 
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where 

A s  before /"Li3 deno tes  t h e  Bohr Magneton. 
3 

It i s  now convenient  t o  se t  ? =  JT . A S  a r e s u l t  

Equa t ions  ( A 9 )  andCA11) may be r e - w r i t t e n  a s  

i 
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where 

i 

li 3 =y$ 
\” 

and 

The f u n c t i o n s  #! and $?obey s i m i l a r  equa t ions  b u t  t h e s e  w i l l  

n o t  concern u s  here. To so lve  these equa t ions  w e  u se  t h e  

f a m i l i a r  power series method. Assume 

W e  now s u b s t i t u t e  Equat ions ( A 1 9 )  and ( A 2 0 )  i n t o  Equat ions 
-7 - _- , u t  s -1 

(A13) and (A14). Equating the c o e f f i c i e n t s  of  e a k. I 

w e  f i n d  
I 
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Taking f i = O  , it immediately fol lows t h a t  2 s -  LA! . However, 

t o  avoid divergence d i f f i c u l t i e s  f o r  p f c  it i s  necessary  t o  

d i s c a r d  t h e  2 5: = -2 
2 S = l  . 
i s  u s u a l ,  t h a t  ou r  series te rmina tes  a t  lV fw’ i . e .  

s o l u t i o n .  Thus, from hence fo r th ,  w e  t a k e  

To o b t a i n  a well-behaved wave-function w e  assume, a s  
i 

Naw l e t  / V = / L ’ t l  i n  Equat ions (A21) and (A22) and we g e t  

It  immediately fo l lows  t h a t  

T h i s  equat ion  can now be solved f o r  E wi th  t h e  r e s u l t  
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bAAere fi'+ 2 = I ,  -, 3 - - .  

It i s  now convenient  t o  re-write t h i s  equa t ion  i n  t h e  form 

. Going now t o  where s ;  + I  4 h C L  r =  2 I 

t h e  n o n - r e l a t i v i s t i c  l i m i t  l e ads  t o  t h e  r e s u l t  t h a t  

and t h u s  it follows t h a t  

r = s ,  

Thus w e  g e t  o u r  f i n a l  express ion  ( r e i n s e r t i n g  t h e  c) 

w h i c h  corresponds t o  Equation (10) i n  t h e  main t e x t .  
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